Droodle for Derivatives
Answer Key by David Pleacher

Can you name this droodle?
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1. Graph the two parabolas y = x> and y=-— x>+ 2x — 5. M. y=—2x-1 and
find the equations of the lines that are simultaneously y=4x—-4
tangent to both parabolas.

(a,a)

(c, ¢’ +2c - 5)

Let a be the x-coordinate of the point of tangency ony = x> and let ¢ be the x-coordinate of
the point of tangency on y = — x> +2x—5. See diagram above.

d
The slope at any pointony = X% is given by d—y =2x and the slope at any point on
x

d
y=—x"+2x—5 s given by d—y=—2x+2.
X

So, the slope of a tangent line to both curves can be expressed in three different ways:
(1) slope=2a (ony= xz)
(2) slope=-2c+2 (ony=—x*+2x-5
2 2
a"+c"—2c+5
(3) slope = using the slope formula for (a, a®) and (c, — > +2c— 5)
a—c
Since these expressions must be equal, we may set any two of them equal.
Setting #1 and #2 equal, we obtain 2a=—2c+2 or a+c=1o0or a=1-c

a’+c’-2c+5

Setting #1 and #3 equal, we obtain 2a =
a—c

Then2a(a—c)=a’+c’=2c+5

So, 2a*—2ac=a’+c*-2c+5



Simplifying, we obtain a’—2ac=c’—2c+5
Now substitute a =1—c to obtain: (1—-c)-2(1-c)c=c?—2c+5
Simplifying, we obtain: 2c°-2c-4=0
c’-c-2=0
(c+1)(c—2)=0
c=-1and2
We get two answers for ¢ because there are two tangents to the curvey = — x>+ 2x — 5 which
are also tangent to the curve y = X%
CASE 1: Whenc=-1,a=2.
This gives us two points (— 1, — 8) and (2, 4) and the slope m = 4.
The equation of this tangentis y—4=4 (x—2) ory =4x—4.

CASE 2: Whenc=2,a=-1.
This gives us two points (2, —5) and (-1, 1) and the slopem=-2.
The equation of thistangentis y—1=-2 (x+1)ory=—2x-1.

2. Determine the value of k so that the line y=5x—4is L. -1,-9
tangent to the graph of the function f(x) = x* — kx.

Since the line and the parabola are tangent, then x> — kx = 5x — 4 (share a point);
and the slopes must be the same, too: 2x— k=5.

Therefore, k = 2x - 5.
Substitute this value of k into the first equation:

x> —(2x—5)x = 5x— 4

x?—2x* +5x=5x—4

-x’=-4

sox=2o0r—2

Whenx=2,k=-1

Whenx=-2,k=-09.



3. An object travels along a line so that its distance

traveled in inches after t seconds is s(t)=./2t—1.

Determine the instantaneous velocity after 5 seconds.

The

Whent=5sec, v=

velocity = ﬁ—l(2t+1)771 2= !
dt 2 ,[2t+1

in/sec

1
Ji

2

d’y

4. Given y =sin’(3x), Determine —..

y:
dy

dx

2

d’y

5=

Of course, you could do it the hard way and take the derivative

ax
sin”(3x)
) d, .
2(sin3x)e—(sin3x)
dx

(sin3x)e(cos3x)e3

=2
=6(sin3x)e(cos3x)=3sin(6x) (double angle identity)

3cos(6x)e6=18cos6x

of 6(sin3x)e(cos3x) using the product rule.

Z;Z = :7(6(sin3><)°(C°S3"))
_ 6-%((9”3)()'@053’())

=6 0((sin3x)o %(cos3x)+ (cos3x)e :—X(sin3x)]
=6e((sin3x)e(—sin3x)e3+(cos3x)e(cos3x)e3)
=6 (3cos’3x—3sin’3x)

= 18-(cos 23x —sin> 3x) =18c0s6x

in/sec

W. 18cos6x



d
5. Determine d_y if xsiny=1. B. —tany/x
X

Use the product rule and implicit differentiation:
x[cosy ey']+siny(1)=0

x[cosy ey']=—siny

. —siny __tany
Xcosy X
d 2
6. Find il for the parametric equations x=3t+1 E. —
dx 3
and y=2t—1.
dy
dy _dt
dx %
dt
d d
Y, and —X:3
dt dt
dy _2
Udx 3
7. Find the equation of the normal line to f(x) = e** at (0,1). N. y =_7x+1

f'(x)=2e* and f'(0)=2e%” =2, which is the slope of the tangent.

The slope of the normal is m=—.

-1 -1
The equation of the normal line is y—1:?(x—0) ory :7x+1.



8. A 13-foot ladder is leaning against the wall of a house. G. _?5 ft/sec

The base of the ladder slides away from the wall at a
rate of 0.75 feet per second. How fast is the top of the
ladder moving down the wall when the base is 12 feet
from the wall?

Perhaps a sketch will help:

ladder
house

Use the Pythagorean Theorem: 13% = a% + b?, where the length of the ladder is 13 feet.
We are also given that Z—? =0.75 ft/sec, which indicates that the ladder slides away from

the wall at this rate.

Now take the derivative and substitute for db/dt: 0=2ae % +2be % , so O=ae % +be(0.75)
We know that a =5 when b = 12 (use the Pythagorean theorem), so we have:

O=50@+120(0.75) or @:—E ft/sec
dt dt 9

Note that the answer is negative to represent the ladder sliding down the wall.



9. Find the intervals on which f(x)=

T4 is increasing. T. (—oo,—Z) and (—2,0)
X2

Find the derivative using the quotient rule:

)= (x2 —4)(2x)—(x2)(2x) -8«

2 2
(x2 —4) (x2 —4)
Setting the numerator equal to 0 gives critical points where the derivative equals 0 (at x =0), and
setting the denominator equal to 0 gives critical points where the derivative is undefined (at x = -2

at x = 2). Note that —2 and 2 are not critical points because they are not in the domain of the
original function. However, the graph can change from increasing to decreasing and vice versa
around these values, so they need to be considered.

Use either the number line approach or the graph of the first derivative to conclude that the

function is increasing on (—oo,—2) and (—2,0).

10—-11.
10. Find the absolute maximum for f(x) = x> —4x*+ 1 on [-1, 5]. A. 26

Take the derivative and set it equal to 0 to find critical points.
f(x) = 3x* — 8x
3x*—8x=0,s0 X (3x—8) =0, and therefore, x = 0 and 8/3.

Evaluating f at each critical point gives:

8\ (8) [(8Y) —229
f(0) = 0)* - 241=1; — == -4| = 1=—""
(0)=0y-4(0)+1=1 f(3j (3) [3) + 57

Evaluating f at each endpoint gives:
f-1)=(-12-4(-1)’= -4; f(5)=(5)°-4(5)*+1=26

The absolute maximum of 26 occurs when x = 5.

—229
11. Find the absolute minimum for f(x) = x> —4x*+ 1 on [-1, 5]. u ——

27

From the discussion in #10, you can see that the absolute minimum

of

occurs when x=—.



12. Determine the slope of 9x—4xIny =3 at (%, 1}. l. 27

The slope of a curve is found by taking its derivative.
9x —4xlny=3

9—[4x[y—j+4lny]=0
y

4 1
9—ﬂ+4lnyzo

y

ﬂ:4lny—9

y
—4xy'=4ylny —9y

y._4y|ny—9y
—4x

y'(l,lj _A(1)In(2)-9(1)

()

(1 1 _4e¢0-9 0-9 27
y 3 T2 T 4 T
3 3
. . . . -1
13. Determine the points of inflection for the H. (7

function f(x) = 4x> +6x* — 5.

f'(x)=12x> +12x

f"(x)=24x+12

Set second derivative equal to 0 to check for points of inflection.
f'"(x)=24x+12=0

24x=-12

X=—

Now check the second derivative for a point on either side of x =—.

f"(-1)=-12 soitis concave down at x=-1 and
f"(0)=12 soitisconcave up atx=0.

Therefore, there is an inflection point at (-1/2, -4).



14. Determine the y-intercept of the line passing

through the point (-5, 4) and perpendicular
to the line 4x — 3y = 5.

4 5
4x-3y=5 — -3y=-4x+5 > y= (ij_(ij

So, the slope = [g)

The slope of the perpendicular line = (_73)

Since it passes through the point (-5,4), we can write:

y=mx+b
-3
4= — |(-5)+b
2
4=1—5+b
16=15+4b
1=4b
pl
4
15. Determine the interval over which the curve
x-1 .
y= is concave down.
3+x
o x—-1
3+x
y|=(3+x)—(xz—1):3+x—x;kl= 4 _4(34x)°
(3+x) (3+x) (3+x)
y"=-8(3+x)"

The only point you need to check is x =—3.
y"(—4)=8, soitisconcave up atx=—4.

y"(0) :E' so it is concave down atx =0.

Therefore, the function is concave down on the interval (—3,00) .

I



